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Abstract 
Generalized complex geometry is a new kind of geometrical structure which con-
tains complex and symplectic geometry as its extremal special cases. In this 
thesis, we define the notion of generalized symplectic geometry and its integra-
bility condition. We prove that the notion defined here are equivalent to the one 
defined by Marco Gualtieri[7]. But our result is expressed in a more "symplectic" 
way. 
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Introduction 
Generalized complex structures were introduced by N.Hitchin, and further de-
veloped by Gualtieri[7]. It contains both symplectic and complex structures as 
extremal special cases, and provides a useful differential geometric context for 
understanding some recent development in string theory. An associated notion 
of generalized Kahler structure was introduced by Gualtieri[7], who shows that 
this notion is essentially equivalent to that of a bi-Hermitian structure, which was 
first discovered by physicists studying super-symmetric nonlinear a-models. 
In this paper, we first review the notion of generalized complex structures and 
Loo-algebra in the first two chapters, and we give a lot of examples to illustrate 
them. 
Then in chapter three, we define the notions of generalized symplectic struc-
ture. Using this definition and the language of Loo-algebra, we then define an 
integrability condition for this generalized symplectic structure. Moreover, we 
show that the generalized symplectic structure we defined here is 1-1 correspond-
ing to the generalized complex structure defined by Gualtieri, and our integrabil-
ity is also equivalent to the one defined by Gualtieri. Compared with the work 
of Gualtieri[7], our approach works in a more "symplectic" way, since we suc-
cessfully translate the integrability condition from the Courant bracket language 
to our exterior derivative language. At the end of this chapter, we define the 
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notions of generalized Lagrangian submanifolds and generalized moment maps, 
which generalize the important objects Lagrangian submanifolds and moment 
maps in symplectic geometry. 
Finally, in chapter four, we restate the generalized K敌hler structures in our 
language, which involves both generalized complex and generalized symplectic 
structure. 
Chapter 1 
Generalized complex structures 
Generalized complex geometry is a kind of geometric structure which contains 
complex and symplectic geometry as its extremal special cases. In this chapter, 
we will review the novel phenomena exhibited by this geometry, such as the 
natural action of 召-field. We provide many examples of generalized complex 
structures here. And we will also review the definition and properties of Courant 
bracket, which is a natural bracket operation on the smooth sections of T e T * . 
1.1 Maximal isotropic subspaces of F © F* 
First we will review the definition of maximal isotropic subspace, which is very 
important in later discussion. 
Let V be a real vector space of dimension m, and let V* be its dual space. We 
can define an inner product on the vector space V ® V*. 
Definition 1.1 (Inner product on V®V* is endowed with the following 
natural symmetric bilinear form: 
where X,Y ^V and eV*. This bilinear form is nondegenerate, and we call 
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it the inner product on V 
This symmetric inner product has signature (m, m) and therefore defines the 
non-compact orthogonal group 0{V 0 V*) = 0{m,m). If we further want to 
preserve the canonical orientation, we get the special orthogonal group SO{V © 
V*) ^ SO{m,m). Here the canonical orientation is determined by 1 G R in the 
identification A^'^iV © V*) = R. 
We have 
$o{v e V*) = e v*) = End(y) e a V * e aV， 
where $o{V © V*) is defined as usual: 
= { t | {Tx, y) + (x, Ty)=0 \/x,yeV^V*y 
By exponentiation, we obtain certain important orthogonal symmetries of V®V* 
in the identity component of SO{V ® V*). 
The following three examples are the basic orthogonal symmetries of ^ 0 V*. 
Example 1.2. (5-transform) Let 5 be a 2-form in A^V* and view 5 as a map 
B :V -^V* via B{X) = lxB. NOW consider 
f l o] 
exp(B)= , 
V 
an orthogonal transformation sending X -h ^ X -h ^  + ix^- We will refer to 
this as a 压transform. 
Example 1.3. transform) Let jS be a 2-vector in and view as a map 
: V^ * V via I5{X) = L^p. Now consider 
exp � = ( 1 。 ， 
Vo V 
an orthogonal transformation sending X We will refer to this 
as a "-transform. 
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Example 1.4. (GL(V) action) Let A be a endomorphism in End(l^). Now 
consider . \ 
exp A 0 
exp � = � 1 ' 
V 0 (expATy 
this is also an orthogonal transformation. We will refer to this as a GL(V)-action. 
Now we consider what we called maximal isotropic subspaces. 
Definition 1.5 (Maximal isotropic subspaces). A subspace L < V e V* is 
isotropic when {X,Y) 二 0 for all X,Y G L. If L is of dimension m, which 
is the maximal possible dimension of such a subspace, then we call L a maximal 
isotropic subspace. 
Example 1.6. Let E <V be any subspace. Then 
E e Ann(五）< V 0 V* 
is a maximal isotropic subspace, where Ann{E) is the annihilator of E in 
Example 1.7. Let E <V be any subspace, and let £ G 位.Then 
is a maximal isotropic subspace, here we regard e as a skew map s : E ^ E* yio. 
X ix^' 
Remark 1.8. The second example specializes to the first by taking £ = 0. Fur-
thermore we can find that L{V, 0) = F and L({0}, 0) = 
It is easy to see the converse of Example 1.7 is also correct. 
Proposition 1.9. Every maximal isotropic subspace in V is of the form 
L(E,e). 
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Proof. Let L be a maximal isotropic subspace and define E = iryL, where Try 
is the canonical projection V V. Then since L is a maximal isotropic 
subspace, we have 
L n 二 Ann(E). 
Finally we note that E* = V*/Ann{E), and define 
e,.E — E* 
e H-> nv*{7Vy\e) H L) ( e VyAnn{E) = E*). 
Then L = L{E, e). • 
The integer k = dim Ann(五)=m — dim 7rv(L) is an important invariant 
associated to any maximal isotropic in y © V*. So we give it a name. 
Definition 1.10. The type of a maximal isotropic L(E, £)，is the codimension k 
of its projection onto V. 
We can also consider maximal isotropic subspaces for {V © V*) O C (the 
complexification of V 0 V*). The natural inner product (,) extends by complex-
ification to {V © V*) % C, and all results concerning maximal isotropic subspaces 
for V ®V* can be extended by complexification to {V 0 V*) 0 C. In later use, 
the complex one is much more useful. 
Proposition 1.11. Let V he a real vector space of dimension m. A maximal 
isotropic subspace L < (l/eV*)(g)C of type /c G {0, •.. ,m} is specified equivalently 
by the following data: 
• A complex subspace L < {V ® V*) 0 C，maximal isotropic with respect to 
〈，〉，and such that E = 'Kvi^cL has complex dimension m — k; 
• A complex subspace L < {V ®V*)<S>C such that dime E = m-k, together 
with a complex 2-form e G A^E*. 
« 
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Next we will review the concept of real index, introduced in [7 . 
Definition 1.12. Let L < {V eV*) ^ C be a maximal isotropic subspace. Then 
Lnl： is real, i.e. the complexification of a real space: Ln 工二 � C，/or 
K The real index r of the maximal isotropic L is defined by 
r = dime LCi 工二 diniR K. 
Example 1.13. The complexification L ^ C < (V e V*) ^ C of ^ real maximal 
isotropic subspace L<VeV* has real index m. 
Remark 1.14. The most important type of maximal isotropic subspaces is those 
of real index 0. 
1.2 Courant bracket 
Let M be a smooth manifold of real dimension m, with tangent bundle T. Now 
consider the direct sum of the tangent and cotangent bundles T e T * . 
The Courant bracket is a natural bracket operation on the smooth sections of 
T e T * . It was first introduced in its present form by T.Courant[3], in the con-
text of his work with Weinstein[4]. It also was implicit in the contemporaneous 
work of Dorfinan[5]. Courant and Weinstein used it to define a new geometrical 
structure called a Dirac Structure, which successfully unifies Poisson geometry 
and symplectic geometry by expressing each structure as a maximal isotropic sub-
bundle of T e T * . The integrability condition, namely that the subbundle closed 
under the Courant bracket, specializes to the usual integrability conditions in the 
Poisson and symplectic cases. Similarly, Marco Gualtieri[7] defined a generalized 
structure called generalized complex structure, which unifies both complex ge-
ometry and symplectic geometry, and expressing the integrability condition by 
the closeness of Courant bracket. Here we will briefly review the work of Marco 
Gualtieri. 
We recall the definition of Courant bracket first. 
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Definition 1.15 (Courant bracket). The Courant bracket is a skew-symmetric 
bracket defined on smooth sections o/T © T*, given by 
+ + r]]cou = [X, + Cxv 一 已Y�- \d�Lxr] - "乂)， 
where X,Y e r(T) and e r(T*). 
Although on the vector fields the Courant bracket reduces to the Lie bracket 
X, y], it is actually not a Lie bracket, since it fails to satisfy the Jacobi identity. 
Proposition 1.16. 
Jac(yl, B, C) = B, C)), 
where Jac and Nij are defined by 
Jac(^, B, C) = [[A, B]cou^ C]cou + [[B, Cjcouj ^]cou + [[C, A]cou, ^Jcow? 
Nij(A = {[A, B]cou, c) +〈[尽 C]cou. A) + ([C, B) ) • 
Hence we can say that the Courant bracket satisfies the Jacobi identity up to 
an exact term, or up to homotopy. In later chapter, we will meet an algebraic 
structure which satisfies the Jacobi identity up to higher homotopy. It is a gen-
eralization of this idea. 
Proof. To prove this result, we introduce the Dorfman bracket operation o on 
r(T 0 T*) which is not skew, but whose skew symmetrization is the Courant 
bracket: 
(X + 0 ° (y + ”）=[足 >1 + ^xrj - LydC 
The difference between the two brackets is as follows: 
[A, B]cou = AoB-d{A,B), 
4 
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and of course [A = l(A o B - B o A). The advantage of the Dorfman 
bracket is that it satisfies a kind of Leibniz rule: 
A o ( B o C ) 二 ( 如 用 ° + 叫 如 ⑵ ， 
which is easy to prove as following, setting 乂二 + + 二 Z + C: 
(AoB)oC + Bo(AoC) 
=[[X, y], Z] + [y, + jCIX,y]C _ LzcK�xri 一 ^ydO + 广“广xC - ^zdO 一 
二 X, [Y, Z]] + jCx^vC 一 [xi^zdrj 一 Cyizd^ + izdiyd^ 
二 如（B o C ) . 
Now note that 
[[A, B]cou. C]cou = [A 咖 胡 C W , C � 
=(AoB-d{A,B)^oC-d {[A, B]cou. C) 
=(A�B)�(7-c/�[AB]Ccm,C0. 
Finally, we can express the Jacobiator as follows: 
Jac(A, B, C) = [[A,B]cou,C]cou + c.p. 
= i ( ( A � � C _ C ^ � ( A � 召 ) — ( B � … � + ( B � … + c.p.) 
=^(^Ao {B o C) - B o {Ao C) + c.p.) 
==臺 ( (A o 5 ) o C + c.p^ 
=J B]cou, C]cou + d {[A, B]cou, C)) 
= i (jac(^, B, C) + 3d(Nij(^, B, C) ) ) , 
which implies that Jac(^, B, C) = d(Nij(A, B, C)), as required. • 
We have already known that the only symmetries of the Lie bracket are the 
difFeomorphisms, and we can also study the symmetries of the Couraiit bracket. 
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If F is an orthogonal automorphism of the direct sum TQT* for a smooth manifold 
M, suppose also that F preserves the Courant bracket, i.e. F{[A,B]cou) 二 
'F{A), F{B)]cou for all sections A,B e T{T 0 T”, then we call F an orthogonal 
automorphism of the Courant bracket for M. 
Proposition 1.17. The map e丑 is an automorphism of the Courant bracket if 
and only if B is closed, i.e. dB = 0. 
Proof. Let X + f, y + 77 G r ( T 0 T*) and let 5 be a smooth 2-form. Then 
le^(X + ^),e^(V,rj)]cou = [X-h ^ + LXB,V ^ v + lyBjcou 
= [ X + y 4- ri\cou + [ 叉 ， + [i^xB, Y]cou 
='X + y + r]]cou + CxLyB — ^dixiyB 一 CyixB + ^dLyixB 
二 + + r]]cou + CxiyB - iyCxB + LyLxdB 
='X + rj]cou + + i^Yi^xdB 
=e^{[X + + v]cou) 4- LYixdB. 
Therefore we see that e召 is an automorphism of the Courant bracket if and only 
if LyixdE for all X, Y, which happens precisely when dB = 0. • 
Furthermore, a result shows that 压field and diffeomorphisms are the only 
orthogonal automorphisms of the Courant bracket. 
Proposition 1.18. Let F be an orthogonal automorphism of the Courant bracket 
for M, then F must be the composition of a diffeomorphism of M and a B-field 
transformation. 
(u 0 \ 
Proof. If / is a diffeomorphism, the map fc = is an orthogonal 
乂 0 in-') 
automorphism of T © T* preserving the Courant bracket. Therefore, setting 
G = /厂1 o F. For any sections A,B e 0 T*) and h G we have 
G{[hA,B]cou) = lG(hA),G(B)]cou, 
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or expanding, 
G ( l h A , B ] c o u ) = G ( h l A , B ] c o u - ( B T h ) A - ( A , B ) d h ) 
二 / i G ( [ A B ] c o u ) — { B T h ) G { A ) - ( A , B ) G { d h l 
while, on the other hand, 
= M^(^), - {G{B)rh)G{A) - dh 
二 B ] c o u ) - { G { B ) T h ) G { A ) - G ( B ) ) d h . 
Setting these equal and using orthogonality, we obtain 
{ B T h ) G { A ) + � A B ) G { d h ) = { G { B ) T h ) G { A ) + { A , B ) d h . 
Choose A = X, B = Y, where G r(T) so that (A B) 二 0. Then we 
have that Y ( h ) G ( X ) = ( G ( Y ) T h ) G ( X ) for all X, y, h . This can only hold when 
G{Y)t = y for all vector fields Y, implying that 
(i A 
V* V 
With this in mind, the previous equation becomes 
� A B) G{dh) = {A, B) dh, 
which implies that 
[ i o\ 
V* V 
Orthogonality then forces 
A o\ , 
G= =eB 
V 
where B is a skew 2-form, and to preserve the Courant bracket B must be closed 
by Proposition 1.17. Hence we have that F = /cOe^, as required. • 
Remark 1.19. To be more precise, the group of orthogonal Courant automor-
phisms of T e T* is the semidirect product of Diff(M) and ^hosedW' 
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1,3 Dime structures 
It is clear from the discussion about the Courant bracket above that it fails to 
be a Lie algebroid due to exact terms involving the inner product (,). For this 
reason, if we can find a subbundle L < (T © T*) 0 C which was both Courant 
involutive (closed under the Courant bracket) and isotropic, then the extra term 
would automatically vanish. 
Proposition 1.20. Let L be a maximal isotropic subbundle of T (or its 
complexification). Then the following conditions are equivalent: 
• L is Courant involutive, i.e. L is closed under Courant bracket， 
• NijU = 0, 
• = 0. 
Proof. If L is involutive then NIJIl = 0 by the definition of Nij. 
If Nijli, = 0，then by Proposition 1.16，we have Jac(A, B, C) = B, C))= 
0. 
What remains to show is that Jaclx, = 0 implies that L is involutive. 
We prove it by contradiction. Suppose that Jac|L == 0 but that L is not involutive, 
so that there exist A,B,C G r(L) such that {[A, B]cou,C) + 0. Then for all 
/ ^ 
0 = Jac(A B, fC) = d{mi{A, B, fC)) = ^ � [ A B]cou. C) df, 
i.e. {[A, B]cou^ C) — 0. which is a contradiction. Hence L must be involutive. • 
Definition 1.21 (Dirac structure). A real, maximal isotropic subbundle L < 
T 0 T* is called an almost Dirac structure. If L is involutive, then the almost 
Dirac structure is said to be integrahle, or simply a Dirac structure. Similarly，a 
maximal isotropic and involutive complex subbundle L < (T©T*) (8)C is called a 
complex Dirac structure. 
18 
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We will now provide several main examples of (complex) Dime structures. 
Example 1.22 (Complex case). An almost complex structure J € End(T) de-
termines a complex distribution, given by the -i-eigenbundle To,i < T � C of J. 
Forming the maximal isotropic space 
Lj 二 To’i e Ann(To,i) 二 T� ’ ! 0 T*o, 
we see that if Lj is Courant involutive, then since the vector component of 
Courant bracket is simply the Lie bracket, this implies To,i is Lie involutive, 
i.e. J is integrable. 
Conversely, if J is integrable, then letting X + ^^Y + rje r(To’i © 7T，o)，we have 
X + + r]]cou 二 [ X , + Lxdr) — lydi, 
which is clearly a section of To,ieT*o. Hence Lj is Courant involutive if and only 
if J is integrable. In this way, integrable complex structures can be described by 
complex Dirac structures. 
Example 1.23 (Symplectic case). The tangent bundle T itself is maximal isotropic 
and Courant involutive, hence defines a Dirac structure. To this basic Dirac struc-
ture we can apply any closed (possibly complex) 2-form uj G Q乂M) to obtain 
another involutive maximal isotropic subspace. Indeed, the maximal isotropic 
subspace 
is Courant involutive if and only if duj = 0. Immediately we see that symplectic 
structures can also be described by Dirac structures. 
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1.4 Linear generalized complex structures and 
almost generalized complex structures 
Now we will review the notion of generalized complex structures. We begin by 
defining the notion of generalized complex structures on a real vector space. We 
will use the well known structures of complex and symplectic structures to guide 
us. 
Let y be a real, finite dimensional vector space. A complex structure on V is 
an endomorphism J :V ^V satisfying J^ = - 1 . By comparison, a symplectic 
structure on F is a nondegenerate 2-form cj G 八？!/*. We may view a; as a map 
V ^V* via interior product: 
(jj :v LyU, V eV. 
With this in mind, a symplectic structure on V can be defined as an isomorphism 
Lj \ V ^ V* satisfying uj* 二 —cj. Note that we are using an asterisk to denote 
the linear dual of a space or a mapping, so that oj* maps (V*)* = to V*. In 
attempting to include both of these structures in a higher algebraic structure, 
Nigel Hitchin considered endomorphisms of the direct sum V^V*. Here V®V* 
may be identified with its dual space using the natural inner product〈，�. His 
student Marco Gualtieri further developed his idea. 
Definition 1.24. A generalized complex structure on V is an endomorphism J 
of the direct sum V which satisfies two conditions. First, it is complex, i.e. 
= —1; and second, it is symplectic, i.e. J'* = — J'. 
There is an important observation by Marco Gualtieri [] that specifying 3 is 
equivalent to specifying a maximal isotropic subspace of (V 0 V*) 0 C: 
Proposition 1.25. A generalized complex structure on V is equivalent to the 
specification of a complex maximal isotropic subspace L < {V 0 V*) (8) C of real 
index zero, i.e. such that L D L = {0}. 
20 
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Proof. If J is a generalized complex structure, then let L be its +i-eigenspace 
in (y e � C. Then if E L, 二、：Mv) by orthogonality and 
〈 九 州 二〈细’动 二 _ implying that M = 0- Therefore L is isotropic 
and half-dimensional, i.e. maximally isotropic. Also I is the -i-eigenspace of J 
and thus L n I； 二 {•}, i.e. L < (V 0 ^ 0 C is of real index zero. 
Conversely, given such an L, simply define J to be multiplication by i on L and 
by —i on L. This real transformation then automatically defines a generalized 
complex structure on F 0 V*. 口 
This means that studying generalized complex structures is equivalent to 
studying complex maximal isotropic subspaces with real index zero. Moreover, 
the following proposition tells us that a generalized complex structure is just a 
reduction of the structure group from 0(2n, 2n) to U{n, n). 
Proposition 1.26. A generalized complex structure onV^V*, for dimV 二 2n， 
is equivalent to a reduction of structure from 0(2n, 2n) to U(n, n) 二 0(2n, 2n) n 
GL(2n,C). 
We will now review in detail certain basic examples of generalized complex 
structures. First we take a look at the ordinary complex structures. 
Example 1.27 (Complex structures). The generalized complex structure deter-
mined by a complex structure is 
l-J o\ Jj= ， 
V � J ” 
and it determines a maximal isotropic subspace of {V 0 V*) 0 C: 
L j j = 0^,1 e 
where Vi,o 二 is the H-z-eigenspace of J. 
Recall that a B-field transform is 
eB二exp(B)二 0 � ： vev^* — 
V^  V 
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an orthogonal transformation sending X + + ^ + txB. 
We may transform this example by a 召-field and obtain another generalized 
complex structure: 
… f l o] (-J o\ ( l o\ ( -J o\ 
e-B JjeB = , 
\-B ly y 0 J*J \B ij \BJ + rB r j 
and this new generalized complex structure determines a maximal isotropic sub-
space: 
e-B(Ljj) = + ixB\X + V^,}. 
Our next example is the ordinary symplectic structures. 
Example 1.28 (Symplectic structures). The generalized complex structure de-
termined by a symplectic structure is 
_ /o - . -A 
V^ 0 ； 
and it determines a maximal isotropic subspace 
Lj^ = { x - MX) X G y (8)c}. 
We may also transform this generalized complex structure by a 召-field and obtain 
another generalized complex structure: 
, , f 1 o\ f o ( 1 o\ ( - u - ' B 
e-^J^e^ = = , 
\-B ij \uj 0 乂乂B 1/ + Bur” 
and this new generalized complex structure determines a maximal isotropic sub-
space of {y e K*) % C: 
We now want to review the generalized complex structures on manifolds. 
First let us recall the process of transporting liner structures into structures on 
22 
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manifolds in the ca.e of complex or symplectic manifolds. That involves two steps: 
the specification of an algebraic structure or almost structure on the tangent 
bundle, as well as an integrability condition imposed on this structure. Now m 
the case of generalized complex structures, the algebraic structure exists on the 
srnn T e T * of tangent and cotangent bundles, and the integrability condition | 
involves the Courant bracket. In this section, we will first review the definition 
of a generalized almost complex structure and algebraic consequences of having 
a generalized almost complex structure. 
Definition 1.29. ^ generalized almost complex structure on a real 2n-dimensional 
manifold M is given by the following equivalent data: 
.an almost complex structure J onT^T* which is orthogonal with respect 
to the natural inner product (,)； 
• a maximal isotropic sub-bundle L < (T 0 T*) 0 C of real index zero, i.e. 
L n r二 {0}. 
From a topological point of view, a generalized complex structure is a re-
duction from 0(2n,2n) to [/(n,n), but this group is homotopic to its maximal 
compact subgroup U{n) x C/(n), and so the [/(n，n) structure may be further 
reduced to U{n) x U{n). This corresponds geometrically to the choice of a pos-
itive definite subbundle < T � T* which is complex with respect to J. The 
orthogonal complement C_ 二 Of: is negative definite and also complex, and so 
we obtain the orthogonal decomposition 
Note that since C± are definite, the projection TTT ： C± -> T is an isomorphism. 
Hence we can transport the complex structure on C± to T, obtaining two almost 
complex structures J+,J- on T. Thus we can see that a generalized almost 
complex structure exists on a manifold if and only if an almost complex structure 
does. Hence we can get the following proposition: 
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Proposition 1.30. The obstruction to the existence of a generalized almost com-
plex structure is the same as that for an almost complex structure. 
1.5 Integrability conditions 
We now review the integrability condition on generalized almost complex struc-
tures which interpolates between the symplectic condition du = 0 and the com-
plex condition that [7\，0，了1’0] C Ti，o. This integrability condition involves the 
notion of Courant bracket defined above. 
Definition 1.31. The generalized almost complex structure J on M is said to 
be integrable to a generalized complex structure when its -{-i-eigenhundle L < 
(T 0 T*) (g) C is Courant involutive, i.e. L is closed under Courant bracket In 
other words, a generalized complex structure is a complex Dime structure of real 
index zero. 
We now verify that the integrability condition on generalized complex struc-
tures yields the classical conditions on symplectic and complex structures. 
Example 1.32 (complex case). The generalized almost complex structure deter-
mined by a complex structure is 
l-J o\ Jj= ， 
V � J ” 
and it has +z-eigenbundle 
Ljj 二 了0,1 © Tlo, 
which, as we saw in Example 1.22, is Courant involutive if and only if J is 
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Example 1.33 (symplectic case). The generalized almost complex structure de-
termined by a symplectic structure is 
/O 
工 二 ， 
V^ 0 
and it has +i-eigenbundle 
which, as we saw in Example 1.23, is Courant involutive if and only if du 二 0. 
Chapter 2 
Loo-algebra 
In this chapter we will briefly review the notion of Loo-algebra, which generalizes 
the notion of Lie algebra. Loo-algebras, or strongly homotopy Lie algebras were 
introduced by Drinfeld and Stasheff [12], as a model for “ Lie algebras that satisfy 
Jacobi identity up to all higher homotopies". 
We begin this section with the original definition of Loo-algebra, which consisting 
of lots of brackets and satisfying lots of quadratic relations. 
We then introduce two equivalent definitions in terms of differential coalgebra 
and algebra, which are much easier to handle than the original one. 
Finally, we give an explicit example related to the sum of tangent and cotangent 
bundle T 0 T* on a manifold M. We will use this example later to define the 
so-called generalized exterior derivatives. 
2.1 Original definition of Loo-algebra in terms of 
lots of brackets 
First let us recall the definition of graded vector space. 
Definition 2.1 (graded vector space). A graded vector space is a finite dimen-
sional real vector space V = ^iezVi with a direct sum decomposition into sub-
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spaces. An element of V^ is said to have degree i, and we denote its degree by 
• 鲁 
For any integer n > 1，产 is a graded vector space, and the symmetric group 
acts on it by the so-called odd representation: the transposition of the fc-th and 
{k + l)-th element acts by \ 
一 (一 仍 0 ... 0 0 ^ 0 • •. 0 
Definition 2.2 (graded exterior product). The n-th graded exterior product of 
V is the graded vector space A，consisting of elements of 产 wMch are fixed 
the odd representaUon of the symmetric group. We write Us homogeneous 
elements as 八 . . . A i v 
Now we define L^o-algebra as a graded vector space endowed with a sequence 
of multi-brackets. 
Definition 2.3 (a lgebra) . An L沈-algebra is a graded vector space V 二 
�iezVi endowed with a sequence of multi-brackets (n > 1) 
In ：八叩"> V 
of degree -I, satisfying the following quadratic relations for each n > 1: 
Y^ [ X � ( - 1 严 -(椒 ( 1)，… , M i ) ) : V a i i + l h … , M n ) ) 二 0. 
HereSh(i,n-i) denotes the set of (i,n-{)-unshuffles，i.e. permutations preserv-
ing the order of the first i elements and the order of the last n 一 i elements. The 
sign x (… i s given by the action of a on vi <S> …(S> Vn in the odd representation. 
Remark 2.4. Such quadratic relations are generalizations of ordinary Jacobi 
identity. These relations are also called higher homotopies. 
In the application, the following types of Loo-algebra will be much easier to 
handle. These types are built upon finite graded vector spaces. 
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Definition 2.5 (Lie p-algebra). For any p > 1, we use the term Lie p-algebra 
to denote an Loo-algebra whose underlying graded vector space is concentrated in 
degrees …，p. 
Remark 2.6. By the degree reasons only h,...，Ip+i can be non-zero. 
Example 2.7 (Lie 1-algebra). For a Lie 1-algebra V, only k can be non-zero by 
the quadratic relations. We denote it by [X, Y] = kiX, V), VX, Y eV. Then 
the only non-trivial quadratic relation is 
[[X,y],z] + [[y, z],x]-h [ [ z , = o, vx, Y,zev, 
i.e. [.，•] satisfies Jacobi identity. 
Hence a Lie 1-algebra is just a Lie algebra. 
Example 2.8 (Lie 2-algebra). Lie 2-algebras will be the most important one in 
our application of Loo-algebra. A Lie 2-algebra consists of a graded vector space 
V concentrated in degrees 1 and 2, together with the maps 
d :=h :V -^v 
:.，•] :=l2 ： aV y 
J ：= k ： aV F 
of degree —1，subject to the quadratic relations. 
2.2 Reformulation in terms of differential coal-
gebra 
It was realized later that the above huge sum expressions just expresses the simple 
fact that the differential £) in a semifree d分-coalgebra squares to 0, i.e. D^ = 0. 
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Definition 2.9 (Reformulation of L�-algebra I). An L^-algebra is a graded 
狐tor space V 二 e„ed • a 耐erenUal D — VV of degree S 
- 1 on the free graded co-commut—e coalgebra over V that squares to 0, t.e. 
D^ 二 0. 
Here the free graded co-commutative co-algebra V^ is，as a vector space, the 
same as the graded algebra A^V defined above, but thought of as eqmpped with the 
standard coproduct We write its homogeneous elements as V . . . V i v 
Since this is a free graded co-commutative coalgebra, one can see that for any 
differential : V V -> V ^ , we can decompose D as 
i) 二 + D2 + + … ， 
where each A acts as k in the previous definition when evaluated on a homoge-
neous element of the form ^ V . . . V ^；打 and is then uniquely extended to all of 
by extending it as a coderivation on a coalgebra. 
Using this reformulation we can check the following proposition. 
Proposition 2.10. The simple condition that D] 二 0 is precisely equivalent to 
the infinite quadratic relations of brackets, i.e. 
D^  = 0, 
if and only if 
Y ^ ^ ； ^ ⑷ ( — 1 严 — ( “ ( M l ) , . . . , M i ) ) , M m ) , … ， M n ) ) 二 0 V n 2 1 . 
i+j=n+l <7eSh{i,n—i) 
2.3 Reformulation in terms of differential alge-
bra 
The reformulation of an Loo-algebra as a coalgebra (VV, D) is a useful repack-
aging of the original definition, but the coalgebraic aspect tends to be not only 
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unfamiliar, but also a bit inconvenient. When the graded vector space V is degree-
wise finite dimensional, we can simply pass to its degreewise dual graded vector 
space A*V*. Then 八•!/"* is then naturally equipped with an ordinary differential 
D = D* which acts on cp e A*V* as 
{ D ( f ) { v i V . . . V t v O 二 士 V . . . V V n ) ) . 
We can decompose this degreewise dual graded vector space as 
A T = E e Y ; e (v{ A ® V ? ) � … • ， 
with the ground field in degree 0’ the degree 1-elements of V* in degree 1, and so 
on. 
Since D is of degree —1 and Z)^  = 0, we can conclude that D is of degree +1 and 
of course squares to 0, i.e. 
52 = 0. 
This means that we have a differential graded algebra 
(八 t ， 5 ) . 
Hence we have the following reformulation in terms of differential algebra. 
Definition 2.11 (Reformulation of Xoo-algebra II). An L00-algebra is a graded 
vector space V = ^iezVi equipped with a differential D : A*V* 八 o f degree 
+1 on the free graded commutative algebra over V that squares to 0，i.e. 
52 = 0. 
2.4 Associating T©T* a Lie 2-algebra 
When we considering the sum of tangent and cotangent bundles T 0 T*, we can 
associated to it an Lie 2-algebra structure. The underlying graded vector space 
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V i s 14© ^ with degree 1 part 二 IXT 0 T*), degree 2 part 二 
And it can be written as a complex 
where h = d is the de Rham differential. ： 
The binary bracket h 二 [.，.]' is given by the Courant bracket [., .]co. on r (TeT* ) 
and by 1 
[e , / ] '二一 [ / ,e ] ' :二豆�e,d/� 
f o r e € r ( T e T * ) a n d / € C - ( M ) . 
The trinary bracket h 二 J' is given by 
J,(ei，62, 63) = �[ei, e2]cou,63) + c.P.) 
for ei e r (T e T*), where c.p. denotes cyclic permutation. 
And all other brackets vanish. 
We can check that under this definition, these brackets satisfy all quadratic 
relations in the original definition of an L^o-algebra. So it really forms a Lie 
2-algebra. 
Under the differential algebraic reformulation, we have 
a t = R e y ; e (y； AVi*eV2*) e-- -, 
= = R ® n i ( T e : r ) e ( n 2 ( T e : n e � ( M ) ) * ) 
©(n3(T e T*) e (c^(M)r A ni(T � r))…， 
here 
Q (^TeT*) ：= r(M, A^(Ter)*), 
(C°°(M))* ：= r(M,R*), 
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and D can be determined via h, k and I3 given above. Next we will give some 
explicit examples to show how D behaves on different elements. 
Example 2.12 (degree 1 element). Given a G ^ ^(TeT*), Da is of degree 2, so 
it can decompose into 2 components: 
Da = {Da)i + (5a)2, 
where 
{Da)i e e r ) , (Pa)2 G 
and they satisfy the following evaluation rules: 
(ba)i{vi\/V2) = OL{[VI,V2]CO^, 
(5a)2(/) = a { d f ) , 
for ”i G r ( T © T”，f G C°°(M). 
Example 2.13 (degree 2 element I). Given F G DF is of degree 3， 
so it can decompose into 2 components: 
DF = {DF)i + (5F)2, 
where 
( 5 F ) i G e T*)，（5F)2 G (C°°(M))* 八 QI (T © T*), 
and they satisfy the following evaluation rules: 
{DF)i{vi \/V2\/ Vs) = {[vuV2\cou.仍〉))+ c.p., 
( 5 F ) 2 ( / V W = - F (臺 M/〉）， 
for vi,v e r ( T e T * ) , / g 
Example 2.14 (degree 2 element II). Given Q G DQ is of degree 3, 
so it can decompose into 2 components: 
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where ^ 
and they satisfy the following evaluation rules: 
(Dn)i(vi V 巧 V 仍 ） = Q ( h ， 仍 ] + c.TP., 









In this chapter, we introduce our main object of study: generalized symplectic 
structures. This is another description of so-called generalized complex structure 
which originates with Nigel Hitchin and further developed by his student Marco 
Gualtieri [7 . 
In this generalized symplectic structure description, symplectic and complex 
structures can be viewed as extremal cases as what happens in the generalized 
complex structure description. And we have also defined another kind of inte-
grability condition in a more "symplectic" way, which is equivalent to the more 
“complex" one defined in [7]. 
3.1 Linear generalized symplectic structures 
We begin by defining the notion of generalized symplectic structure on a real 
vector space. We will use the generalized complex structure to guide us. 
Let V he a. real, finite dimensional vector space. In attempting to include both 
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symplectic and complex structures in a more symplectic-like algebraic structures, 
we will consider 2-forms in 0 V*)* instead of endomorphisms using in gen-
eralized complex geometry. 
Recall from Definition 1.1 that V © F* is equipped with a natural inner product 
(,)defined by 
where X,Y e V and e V*. 
With this in hand, we can define our generalized symplectic structure on 
Definition 3.1. A 2-form Q e a\V 0 V^ *)* “ called a generalized symplectic 
structure on V, if there is a general— complex structure J on V satisfying 
v) = {Ju, v) for all u.veVeV*. 
Remark 3.2. We can also regard a generalized symplectic structure Q e 
V*Y as a real skew-symmetric bilinear form V*)—股. 
Actually, there is a 1-1 correspondence between generalized symplectic struc-
j 
tures and generalized complex structures. | 
Proposition 3.3. For each generalized symplectic structure Q on V, there is a 
unique generalized complex structure J on V satisfying v) = {Ju, v) for all 
u.veVeV*. Equivalently, there is a 1 - I correspondence between generalized 
symplectic structures and generalized complex structures on V. 
Proof. If there are 2 generalized complex structure Ji, J2 on V satisfying 
v) 二�Jin,v) = {J2U,v) yu.vevev*, 
then we have 
((Ji - J2K ^>=0 \/u,veVeV\ 
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Since the inner product (,) in nondegenerate on V © V*, which means that 
{Ji-J2)u = o ^uevev\ 
i.e. Ji = J2-
Hence there is a unique generalized complex structure J onV satisfying v)= 
{Ju, v) for al\u,veVe V*. • 
The natural symplectic and complex structures are embedded in the notion 
of a generalized symplectic structure in the following way. 
Example 3.4 (Symplectic structures). 
— ( � 0 � 
乂0 - u r ” 
where a; is a usual symplectic form. If we regard a; as a map u :V ^ V*, we have 
cj-i :V* -^V. Then we can regard cj—i as a bilinear form :V* xV* -^R. 
Example 3.5 (Complex structures). 
( o A 
人一 J oj 
where J is a usual complex structure. Here we regard J : F -> 1/ as a bilinear 
form J xV Rand J* :V* as a bilinear form J* :V xV* ^R. 
Therefore, we see that diagonal and anti-diagonal generalized symplectic struc-
tures correspond to symplectic and complex structures. 
For each generalized symplectic structure we can specify a complex maximal 
isotropic subspace. 
Proposition 3.6. Qc ^ 八 � V^ *)* 0 C is a linear extension of a generalized 
symplectic structure Q if and only if there exists a maximal isotropic subspace 
L < {V © V*) (8) C of real index zero such that 
^ciui +Vi,U2+V2) =i{Ui,U2) 一 i {Vl,V2)， 
where ui,u2 G L and vi, V2 G L 
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Proof. Given such L, we define J to be the multiplication by i on L and by -i 
on I . Then J is a generalized complex structure and we can further define 
Q c — ) 二 〈 九 ” � 
For all u e L. v e L , we have 
i (n, v) 二 � J u , 和 一 � w , Jv) 二 〈以，”�， 
I 
i.e. j 
(n, z;�二 0 Vu e L, r e Z/. 
Hence 
Qciui + ?；1，+ 巧）二 j {U1,U2) 一 i〈巧，”2�. 
Now we want to show that it is a linear extension of a generalized symplectic 
structure We define Q 二 Qckev^*. For all n , V * , we have 
j 
where a,b e L. Then ； 
v) 二 + 互,b + "5) 二 i � a , & � - i (a, b) 二 2Re(i (a, 6)), 
which is real. Hence H is a generalized symplectic structure. 
Conversely, if Qc is a linear extension of a generalized symplectic structure fi, 
then 
nc{u, v) = {Ju, V) Vu, ve{vev*)^ c, 
where J is the corresponding generalized complex structure of Q. ： 
We can define L to be the +i-eigenspace of J , then I to be the -i-eigenspace of 
J . Since J is a generalized complex structure, Lisa maximal isotropic subspace 
of {y of real index zero, i.e. L 0 1 = (V 0 V*) 0 C. Then 
Q c { u i +Vi,U2 + V2) = { J { u i + Vi), U2 + V 2 ) = i {ui, U2) - i {VuV2) ’ 
where ui,u2 G L and vi,v2 e L. 口 
I 
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Corollary 3.7. A generalized symplectic structure on V is equivalent to the spec-
ification of a complex maximal isotropic subspace L < {V © V*) 0 C of real index 
zero, i.e. such that L 0 L = {0}，we refer to this maximal isotropic complex 
subspace as Lq. 
In the generalized complex structure case, we have Proposition 1.26, which 
says that a generalized complex structure onV is equivalent to a reduction 
of structure from 0(2n, 2n) to (7(n, n) = 0(2n, 2n)nGL{2n, C). By the following 
Lemma and Proposition 3.3, we can get an analogue of this proposition. 
Lemma 3.8. The intersection of any two of the three groups 
GL(n,C), Sp{n,R) and 0{2p, 2q) 
is the group U(p, q), where p-\-q = n. 
Proposition 3.9. A generalized symplectic structure on V®V*, for dim V = 2n, 
is equivalent to a reduction of structure from 0(2n, 2n) to U(n, n) = 0(2n, 2n) A 
5p(2n,M). 
To study a symplectic structure, a very important object is the Lagrangian 
subspace of the given even dimensional vector space. Similarly, we can define 
r2-Lagrangian subspaces in the generalized symplectic structure case. 
Definition 3.10 (r2-Lagrangian subspace). Given a linear subspace Y of a gen-
eralized symplectic vector space ^l), its generalized symplectic orthogonal 
is the linear subspace ofV^V* defined by 
= = 0 Vix G y } . 
A linear subspace Y of a generalized symplectic vector space {V © V*, Q.) is called 
Lagrangian ifY — Y^. 
Remark 3.11. The most important example of Lagrangian subspace of {V 0 
V*) (8)Cis Ln. 
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We will now describe in detail certain examples of generalized symplectic ： 
structures. 
Example 3.12 (Symplectic structures). The generalized symplectic structure 
determined by a symplectic structure is 
f . 0 � 
V^ - �) 
and it determines a maximal isotropic subspace 
Since we can use a 5-field transform to change a generalized complex structure 
into another one, we can also study how B-field transform acts on a generalized 
symplectic structure. 
Recall that a 5-field transform is 
( l o\ 
e^ 二 exp(B) 二 ， 
V^  V 
an orthogonal transformation sending X + + e + txB. Since here is a 
bilinear form, the B-field transform acts in a congruent way: 
A _b\ [uj 0 \ ( l 0 \ (uj + Buj-'B BujA 
(e’Z=[o Jio -.-J i. ij I -『少 
which corresponds a generalized complex structure: 
/ 1 o\ (O - u A (l 0\ ^ f -u-^B -0；—1) 
"^BJ^B = i j 0 j \B 1 广 ( “ Bu-'B Bar” ’ 
and determines a maximal isotropic subspace of {V 0 V*) <S) C: 
= [ x - { B + iuj){X)\x eV^c]. 
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Example 3.13 (Complex structures). The generalized symplectic structure de-
termined by a complex structure is 
( 0 j A 
and it determines a maximal isotropic subspace of {V © V*) (8) C: 
Lqj = IV ® i^to-
The B-field transform acts in a congruent way: 
D D (1 -b\ (0 JA (1 o\ (BJ + rB JA = = ， 
乂0 1 ； V " ^ V i) \ -J 0) 
which corresponds a generalized complex structure: 
, , , ( l o] I - J o W l o\ f -J 0 � e-BjjeB = = , 
\-B ly y 0 J*J \B 1) \bj + j*B r ) 
and determines a maximal isotropic subspace: 
e-丑(LnJ = + ixB\X + ^GFO,!© 喻 
3.2 Generalized almost symplectic structures 
We now want to transport generalized symplectic structures onto manifolds as 
in the generalized complex structures case. In the case of generalized complex 
structures, the algebraic structure exists on the sum T © T* of the tangent and 
cotangent bundles, and the integrability condition involves the Courant bracket. 
Now in our case of generalized symplectic structures, our algebraic structure is 
defined by a generalized almost complex structure, and our integrability condition 
involves something called generalized exterior derivatives. In this section we will 
describe the algebraic consequences of having a generalized almost symplectic 
structures, as well as the topological obstruction to its existence. 
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Definition 3.14. ^ generalized almost symplectic structure on a real 2n-dimensional 
manifold M t given by a 2-from n e wMch “ defined by a generaUzed 
almost complex structure J on M at each point 
When comparing with Definition 1.29，we have the following conclusion. 
Proposition 3.15. ^ generalized almost symplectic structure on a real 2n-dvmensional 
manifold M is given by the following equivalent data: 
• a 2-from n G ^ ^(t e T*) which is defined by a generalized almost complex 
structure J on M at each point, 
.an almost complex structure JonTeT* which is orthogonal with respect 
to the natural inner product�,〉， 
• a maximal isotropic sub-bundle L < (T 0 T*) 0 C of real index zero, i.e. 
Lni; = {0}. 
There is a well-known theorem about the obstruction to the existence of an 
almost complex structure and an almost symplectic structure. 
Proposition 3.16. The obstruction to the existence of an almost complex struc-
ture is the same as that for an almost symplectic structure. 
Then we can conclude that 
Proposition 3.17. The obstruction to the existence of a generalized almost sym-
plectic structure is the same as that for an almost symplectic structure. 
Proof. 
the existence of a generalized the existence of a 
almost symplectic structure almost symplectic structure 
• II ‘ • \ 
‘ P r o p 3.15 3.16 
,f 
the existence of a generalized Prop 1.30 the existence of a 
almost complex structure almost complex structure 
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• 
It is known that when there exists a reduction of the structure group from 
GL(2n,E) to GL(n,C). 
Proposition 3.18. The following are necessary conditions for the existence of 
an almost complex structure on a real 2n-dimensional manifold M: 
1. The odd Stiefel- Whitney classes of T must be zero. 
2. There must exist classes Cj G Z), i — 0,..., n whose mod 2 reduc-
tions are the even Stiefel- Whitney classes of T. Also Cn must be the Euler 
class of T, and 
[n/2\ n n 
i=0 j=0 fc=0 
where pi are the Pontrjagin classes of T. 
Proof. The Stiefel-Whitney classes of a complex bundle are the mod 2 reductions 
of the Chern classes, and so vanish in odd degree. Therefore if T is to admit a 
complex structure, it must have vanishing odd Stiefel-Whitney classes. Further-
more, the Pontrjagin class Pi{T) is equal to (-l)V2i(T � C), but if T admits a 
complex structure J, then T (g) C = 7\’o © To,i, where Ti,�, To，i are respectively 
the -i-eigenbundles of J. Therefore, c(T (g) C) = c(Ti,o) U and since 
Ci(To,i) = (一l”Ci(Ti，o) we obtain finally that 
\n/2\ n n 
E (-l)Vi 二 0C) = c(Ti,o) u c(To,i) = 
i = 0 :j=Q k=0 
Also, by definition of the Chern classes, Cn is the Euler class. Hence we have the 
required result. • 
Hence we have obtained some necessary conditions for existence of a general-
ized almost symplectic structure on a real even dimensional manifold M. 
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Corollary 3.19. The following are necessary conditions for the existence of an 
generalized almost symplectic structure on a real 2n-dimensional manifold M: 
1. The odd Stiefel-Whitney classes of T must be zero. 
2. There must e工似 classes C. E 沪 ( M , Z)，i=0,...，n whose mod 2 reducUons 
are the even Stief el-Whitney classes of T. Also c. must be the Euler class 
of T, and 
[n/2\ n n 
i=0 :/=0 fc=o 
where Pi are the Pontrjagin classes of T. 
Remark 3.20. The sufficient conditions for the existence of an almost symplectic 
structure on a real 2n-dimensional manifold M are still unknown. 
3.3 Generalized exterior derivatives and inte-
grability conditions 
We now introduce the integrability condition on generalized almost symplectic 
structures which interpolates between the symplectic condition do; 二 0 and the 
complex condition that [Ti,o,^i,o] C 
In Section 2.4, we have associated T©T* a Lie 2-algebra structure, and we have 
also defined the brackets h, h, h and the corresponding differential D. 
Definition 3.21 (Generalized exterior derivatives). Let V = 0 V2, —ere 
二 r ( T e T*) of degree 1 and V2 = C^{M) of degree 2，with the following 
nonvanishing brackets: 
L h{f) = df, 
2. /2(61,62) = [61,62]Cow, 
3. l 2 { e j ) = l { e , d f ) , 
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I l2(f,e) = -l(e,df}, 
5. (61,62,63) = —I(�[ei’e2]cw,e3�+ C.P.)， 
where e, e^  G r(T 0 T*) and f G 
By definition, this is a Lie 2-algebra, so we can reformulate it in terms of differ-
ential graded algebra, i.e. there is a differential 
D : -> A.V* 
of degree + 1 that squares to 0， where 
A*Y* = E © e (v{ A v^* � 1^ 2*) ® …， 
= R 0 n\T e T*) e e T*) e 
© T*) e AQ'(Te T * ) ) … .， 
here 
1 7 � T � T*) := r (M, A^(TET*)*), 
:= r(M, E*), 
We call such D the generalized exterior derivative on M. 
We recall Example 2.14 here: 
Example 3.22. Given Q G T”, we have two components: 
(DQ)i e © T*), (5N)2 e 八 © T*), 
and they satisfy the following evaluation rules: 
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Now we will use the form part (5a ) . in the above example to define the 
integrability condition of a generalized almost symplectic structure. 
Definition 3.23. The generalized almost symplectic structure H is said to he 
integraUe to a g e n e r a l — symplectic structure when the form part of the gener-
alued e.tenor derro.e of Us co-le和Uon , zero .hen restncUng on the 
corresponding maximal isotropic subspace Ln，i.e. 
We may now verify that the integrability on generalized almost symplectic 
structures we define here yields the classical conditions on symplectic and complex 
structures. 
Example 3.24 (Symplectic type). The generalized symplectic structure deter-
mined by a symplectic structure is 
0 \ 
二 1 ' � 0 -叫 
which is integrable if and only if du 二 0. 
Example 3.25 (Complex type). The generalized symplectic structure deter-
mined by a complex structure is 
/o JA Qj 二 , 
W V 
which is integrable if and only if J is integrable as a complex structure. 
We have already known that the integrability condition on generalized al-
most complex structures is the same to the classical integrability conditions on 
symplectic and complex structures. Furthermore, we can show that these two in-
tegrability conditions on generalized almost symplectic structures and generalized 
almost complex structures are indeed equivalent to each other. 
Generalized Symplectic Structures IG 
Proposition 3.26. A generalized almost symplectic structure is integrahle if and 
only if its corresponding generalized almost complex structure is integrahle. 
Proof. We assume the corresponding generalized complex structure is J^ i.e. 
Q …，v) = {Ju, v), G r (T 0 T*). 
After complexification, we have Q^ciu, v) = � Ju, v)， G r ( (T 0 T*) 0 C). 
Then Lq is the +i-eigenbundle of J. 
(ZX2c)i(ei, 62, es) = ^([ei, t'^ccm, 63) + c.p. 
=�J[ei,e2]c7cm,e3�+ C.P. 
= 一 ([ei,e2]cou, Jes) + c.p. 
= ( [ e i , e2]cou, 63) + c.p. 
=+3iNij(ei,e2,e3), 
i 
where e^  G Ln and c.p. indicates cyclic permutations. 
Hence we have the following equivalence relations. 
{DQchlin = 0 IJ is in tegra l 
A • � 
• \ 
Prop 1.31 
Nijlz^ n = 0 c Pr叩 L^ is involutive 
• 
3.4 Generalized Darboux theorem 
The Darboux theorem states that a symplectic structure on a 2n-manifold is 
locally equivalent, via a diffeomorphism, to the standard symplectic structure 
(R2�a;), where 
U = dxi 八 cb2 H h dX2n-l A dX2n' 
Similarly, the Newlander-Nirenberg theorem tells us that an integrable complex 
structure on a 2n-manifold is locally equivalent, via a diffeomorphism, to C^. 
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Since the generalized complex structures have such kind of similar property, we 
can conclude that generalized symplectic structures also have such kind of prop-
erty. 
Proposition 3.27. An, regular point in a generalized symplectic mamfold has 
a 明hbourhood uMch 仏—lent，via a drffeomorpMsm and a B-field trans-
formaUon, to the product of an open set m C^ wUh an open set in the standard 
symplectic space (R2-2,,u;o)，where Uo is the standard symplectic form m R - ^^ 
3.5 Generalized Lagrangian submanifolds 
There is a notion of generalized complex submanifold introduced by Marco Gualtieri， 
which generalizes both the idea of complex submanifold and that of Lagrangian 
submanifold. Here we will use our language of generalized symplectic structures 
to restate this definition. 
The tangent bundle of a submanifold M C iV is a natural subbundle TM < TN\M | 
of the restriction of the ambient tangent bundle. This subbundle has an as- j 
sociated annihilator AIHITM < n, also known as the conormal bundle of the 
submanifold. Taking the sum of these natural subbundles, we obtain a natural 
real maximal isotropic subbundle of (T^ 0 which we call the generalized 
tangent bundle: 
Definition 3.28. The subbundle 
tm = TM e AnnTM < (T/v � 
is called the generalized tangent bundle of the submanifold M C N. 
If the ambient manifold has a generalized symplectic structure Q, a natural 
condition on a submanifold M would be that at each p e M, tmIp is an Qp-
Lagrangian subspace of ((TeT*)p, Qp). Indeed this definition reduces to familiar 
conditions in the symplectic and complex cases: 
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Example 3.29 (Symplectic submanifold). Let (TV, fi^；) be a symplectic manifold. 
Then tm = Tm ® AnnTM is Lagrangian with respect to 
0 \ 
\0 -oj-i) 
if and only if 
• u)\tm = 0, i.e. M is isotropic, and 
• cj-i = 0, i.e. M is coisotropic. 
i.e. M must be isotropic and coisotropic, hence Lagrangian. Here isotropic means 
that M C M", and coisotropic means that M D M". 
Example 3.30 (Complex submanifold). Let {N, fl j ) be a complex manifold. 
Then tm = Tm ® AnnTM is Lagrangian with respect to 
(o A 
if and only if Tm is stable under J, which is the condition that M be a complex 
submanifold. 
Since 5-field transform is a symmetry of the whole generalized geometry, we 
expect that if M is a generalized Lagrangian submanifold with respect to Q, then 
after we use 召-field transform to change the M should still be a generalized 
Lagrangian submanifold. But actually, it fails to have this property since the 
5-field transform will modify 0 but not tm-
The solution to this problem is to modify the definition of a generalized tangent 
space so that it is acted upon naturally by 5-field transforms. 
Definition 3.31 (Generalized submanifold). Let N be a manifold. Then the pair 
(M, F) of a submanifold M C N together with a 2-form F G (M) is said to be 
a generalized submanifold of N if F is closed, i.e. dF = 0. 
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Definition 3.32 (Generalized tangent bundle). The generalized tangent bundle 
r^ of the generalized suhmanifold (M, F) is 
= + $ GTm® CIM = 化 叶 
a real, maximal isotropic subbundle r^ < {Tn®T^)\m' 
Remark 3.33. It is clear that since the generalized tangent bundle sits in (T^ 0 
T*)|M, it is acted upon naturally by 压field transforms of the ambient space; as 
a result the action of B-field transforms on generalized submanifolds is as follows: 
Clearly this transform does not interfere with the condition dF 二 0，since B is 
closed. 
Finally we are able to define generalized Lagrangian submanifolds in such a ‘ 
way that the property of being one is covariant under B-field transforms. ^ 
Definition 3.34 (Generalized Lagrangian submanifold). Let {N, n) be a gener-
alized symplectic manifold. Then the generalized submanifold (M, F) C (iV, H) is 
said to be a generalized Lagrangian submanifold when is an Lagrangian 
subspace of ((T 0 T*)^, ^ p) for each point peM. 
We now determine what the generalized Lagrangian submanifolds are in the 
standard cases of symplectic and complex geometry. 
Example 3.35 (Symplectic case). Let (M, F) C {N, be a generalized sub-
manifold of a symplectic manifold. Then it is generalized Lagrangian if and only 
if Tj^ lp is Lagrangian subspace of ((T 0 { ^ M ^^ each point p e M , where 
/ 0 \ 
= + CIm = ixF}^ � 二 n -1 . 
, 乂 (J —uj y 
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To aid with the calculation we choose a 2-form B on N such that Bm =厂(only 
locally). Then r^ is Lagrangian with respect to 0^ ； if and only if r^ = TM © 
AhhTm is Lagrangian with respect to 
/ BMr. B 广⑴ + B�-IB Burl� 
乂 -oj-^B -cj-iJ 
which happens if and only if 
1. uj~^ \AnnTM = • ， I S a coisotropic submanifold, and 
2. = = 0, Ve G AuhTm^X G TM, i.e. lxF = 0, 
\/X e T^^ ( T， i s the symplectic orthogonal bundle), i.e. F decends to 
Tm/T2[�and 
3. (u + Buj-^B)\tm 二 0， i .e.� desends to T m / T � . 
Note that F + iu m defines a nondegenerate form of type (2,0) 
on TmIT�. 
In the case M is a Lagrangian submanifold, the second condition implies that 
F = 0 since Tm = T�.In this case they always carry a flat line bundle on them. 
Example 3.36 (Complex case). Let (M, F) C {N, Qj) be a generalized subman-
ifold of a complex manifold. Then it is generalized Lagrangian if and only if 
is Lagrangian subspace of ((T © T*)p, (Qj)p) for each point p e M, where 
/ Q _ 
T^ = { X + ^ G Tm e I^M = ^xFJ, QJ = ^ • • 
which happens if and only if 
1. r^ is coisotropic, and 
2. T^ is isotropic, 
which happens if and only if 
1. Tm is closed under J, i.e. M is a complex submanifold, and 
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2. J ( � 足 … 二 0 v x , y e T . , i . e . = 
0 vx,ve TM, i.e. F is of type (1,1) on M. 
We see that the generalized Lagrangian submanifold is a complex submanifold to- | 
gether with a unitary holomorphic line bundle on it (a line bundle with curvature 
of type (1，1) has a unique compatible holomorphic structure). 
3.6 Generalized moment maps 
In mathematics, specifically in symplectic geometry, the moment map is a tool 
associated with a Hamiltonian action of a Lie group on a symplectic manifold, 
used to construct conserved quantities for the action. The moment map gener-
alizes the classical notions of linear and angular momentum. It is an essential 
ingredient in various constructions of symplectic manifolds, including symplectic 
(Marsden-Weinstein) quotients, and so on. We can also define a generalized mo- 丨 
xnent map in our setting of generalized symplectic structure which involves usual j 
moment map as an extremal example. \ 
First let us recall the definition of a moment map. Here we will follow the con-
ventions of da Silva[16]. 
Definition 3.37 (Moment map). A compact Lie group G with Lie algebra Q acts 
on a symplectic manifold (M,a;)，i.e. given t/; •  G — Diff(M)，preserving the 
symplectic structure uj. A moment map is a smooth function 
" : M — 
satisfying 
1. For each X e Q, let 
• R ， 〈 咖 , _ X 〉 ， 
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• be the vector field on M generated by the one-parameter subgroup 
{exptX\te R} C G. 
Then 
dfJL^ = Lx#OJ. 
2. fi is equivariant with respect to the given action ijj of G on M and the 
coadjoint action Ad* of G on Q*: 
/jLo^ pg = Ad* o/x, \/g e G. 
We call such pair of data (M, CJ, G�/X) a hamiltonian G-space for a compact Lie 
group G. 
Since generalized symplectic structure is a more symplectic-like structure, 
and the moment map is a useful tool in symplectic geometry, it is an interest-
ing question whether there exists natural notion of moment maps in generalized 
symplectic geometries. 
The solution to this problem is to modify the definition of a moment map so that 
it looks really similar to the origin definition of a moment map. We find that 
in Example 3.12 the corresponding maximal isotropic subspace of a symplectic 
structure u is 
= {X - iu{X)\X eV 
and the condition 
dfJL = � 
is equivalent to the condition 
X淋一 idfjiX � . 
According to this, we make the following definition of the generalized moment 
map. 
52 
Generalized Symplectic Structures 
Definition 3.38 (Generalised — 卿 ) . ^ 一 饭 “ ^ 二 
,她 on a — 一 一 二，二 二 : 
Diff(M), presennng a generalized symplectic structure fi. Let La < ® ) 
US 蒙e-n_ - 一 A — — 卿 坊 
a smooth function 
i 
satisfying ； 
L For each X e Q, let : 
• X* be the vector field on M generated by the one-parameter subgroup 
{exptX\teR}QG. 
Then 
X* - idpX e Ln, 
2. , is —anant mth respect to the given action ^ of G on M and the 
coadjoint action Ad* of G on g*： 
p ^jjg 二 M*g o /X, Vp € G. 
We call such parr of data a generalized h — G-space for a 
compact Lie group G. 
Example 3.39 (Symplectic case). The generalized symplectic structure deter-
mined by a symplectic structure is 
0 \ 
and it determines a maximal isotropic subspace 
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A compact Lie group G with Lie algebra q acts on a generalized symplectic man-
ifold (M, i.e. given ip : G Diff(M)，preserving the generalized symplectic 
structure We also have a smooth function 
/X : M g* (g) C. 
The condition 
d/j,^ = � 
is equivalent to the condition 
X*-idiJiX e L � . 
Hence in this case, /i is a generalized moment map if and only if /i is a usual (real 
valued) moment map. 
Example 3.40 (Complex case). The generalized symplectic structure determined 
by a complex structure is 
/o JA fij 二 ， 
and it determines a maximal isotropic subspace of {V 0 V*) O C: 
Lnj = e 1^*0-
A compact Lie group G with Lie algebra g acts on a generalized symplectic man-
ifold (M, fij), i.e. given ^jj •• G — Diff(M)，preserving the generalized symplectic 
structure flj . If we have a generalized moment map, then we will have a smooth 
function 
/i : M -> g* 0 C. 
In this case, this is impossible, since 7 t { L Q J ) contains no non-trivial real vectors 
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Example 3.41 (mixed case). A compact Lie group G with Lie algebra g 二 I 
on two generalized symplectic manifolds and ( M . H . ) with g e n e r a l | 
moment maps/ii,"2. , , p ^ � � I 
1 ^ . c on the product manifold (Mi x has a I Then the diagonal action ot G on tne pruuu | 
moment map | 
Where 0 is the generalized symplectic structure on Mi x M. defined by puUback | 
a 二 + and pr, is the projection map M. x M . - > 风. j 
This generalized symplectic structure corresponds to the generalized complex 
structure J 二 Ji x J . where 3 � i s the generalized complex structure corre- j 






Generalized Kahler structures 
As we have seen, a generalized symplectic structure is an integrable reduction of 
the structure group of T © T* to U(n,n). This structure group may always be 
further reduced to its maximal compact subgroup U{n) x U (n) by the choice of 
an appropriate metric G on T © T*. In this chapter we show that there is an 
integrability condition which applies such U{n)xU(n) structures, which general-
izes the ordinary Kahler condition. This generalized Kahler structure is defined 
by a generalized complex structure and a generalized symplectic structure，and 
it is equivalent to the one in [7], which is defined by two commuting generalized 
complex structures. 
4.1 Definitions and integrability conditions 
Definition 4.1 (Generalized Kahler structure). A generalized Kahler structure 
is a pair (Ji, ^2) of generalized complex and generalized symplectic structure such 
that Ji is orthogonal and G{u,v) := Jiv) 二 is a positive 
metric onT 
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Example 4.2. Let (p , . , . ) be a usual m i e r structure on a manifold，i.e. a 
L l i a n _ i c g, a complex . - a symplectic . sue. 
that the following diagram commutes. 
T g-^^-T* 
When we write these structures into the corresponding generalized structures, we 
have / \ /,， n \ 
(J 0 — 
二 ， Q 厂 A -1 ‘ 
山 乂0 - r ) V � 一⑴ / 
we see immediately that Jj is orthogonal and 
( g o ] 
G 二 一 QuJj 二 , 
‘ . T m T* Hpnce {J i defines a generalized is a positive definite metric on T 0 T . Hence 口 j ,…） 
Kahler structure. 
We next show how 胁 I d transform act on a generalized Kahler structure. 
Example 4.3. Given any generalized Kahler structure ( J , O), we may transform 
it by a B-Md, for B any closed 2 - f o r m : ( 广 • 召 ） = ( e 力 e 丑 , ( e ’ 0 is also 
a generalized Kahler structure. Applying such a transform to the first example 
( J j Q ) we obtain the following generalized structures 
’ ， “ o \ f j o ] f l o ] J J 。） , 
J / = e - = 1 八 。 一 J* 八 召 ^J-[-BJ-rB - 小 
A _ A fu 0 \ ( i 0 � 二 + B一、 
ns 二 (eB)ta^eB 二 1 八 0 一 � j ^ ^ 1 j — ( 一 召 - 叫 
Similarly, the metric G becomes 丨 
- 二 卜 - I B 叫 ， 
V 9-'B g-' J 
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showing that the metric G in a generalized Kahler structure need not be diagonal. 
Note also that the restriction of G^ to the tangent bundle is the component 
g — Bg-iB, which is indeed a Riemannian metric for any 2-form B. 
Actually the generalized Kahler structure defined here is equivalent to the one 
define in [7 . 
Proposition 4.4. The generalized Kahler structure defined by a pair ^2) of 
generalized complex and generalized symplectic structure is equivalent to the one 
defined by a pair (jTi, J2) of commuting generalized complex structures. 
Proof. If we regard 0.2 as a generalized complex structure J2 ： T 0 T * —> T©T*, 
then we have 
G = —J2J1 = J\J2 = —J\J2' 
Hence as generalized complex structures, they are commuting. 
Conversely, if we have a pair (Ji, J2) of commuting generalized complex struc-
tures. We can regard J2 as a generalized symplectic structure then we have 
G := = -J1Q2 = J队 
i.e. {Ji, 0.2) is a generalized Kahler structure defined here. • 
We can also describe the generalized Kahler condition in terms of subbundles 
of (T0T*)(8)C. The following conditions ensure that both generalized symplectic 
and complex structures are integrable. And it is just a rewrite of the Proposition 
6.10 in [7 . 
Proposition 4.5. A generalized Kahler structure on a real 2n-dimensional man-
ifold is equivalent to the following data: 
1. a generalized symplectic structure with the corresponding maximal isotropic 
subbundle L < (T 0 T*) (g) C， 
« 
！ I f 
k 
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